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Abstract

This work deals with the clustering of sensorimotor features which can serve as
a represention of visual scenes (images). The approach used here is to obtain a
feature frequency vector by training a Self-Organizing Map (SOM) and counting
the mappings of scene features to SOM output layer. Hierarchical clustering
with agglomerative methods will be applied afterwards to generate a hierarchy.
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CHAPTER 1

Introduction

One of the most striking aspects of human vision is the fact that the human
eye has only a tiny spot, the fovea, with a high resolution which enables us
to perceive our environment in detail. By moving the eyes, we are able to
�xate di�erent spots in the environment in rapid succession. This system of
�xation and saccade enables to perceive and recognize the world around us1. It
seems natural that computer science tries to mimic and reproduce this abilities
in computer vision. Some research has been done on building systems which
tackle the pattern recognition problem of scene by the means of limited local,
foveal-like sensory input in combination with saccade-like motor actions. One
such system and its sensorimotor features used for representation is used in this
work as a data provider
Having a set of patterns at hand, whatever the representation may be, the

question of how to structure them often arises. Are there any patterns which
should be grouped together since they have a certain similarity? This last
sentence already contains several concepts that have to be approached �rst.
For the actual task of grouping, clustering methods have been developed and
used in virtually every discipline in science in the course of time. A central
aspect is how the output structure should be like in general, either a �at set or
a hierarchical organization of nested clusters. A hierarchical structure can be
desired since it delivers di�erent levels of granularity.
With regard to this work, both representation of patterns by sensorimotor

features and hierarchical clustering are relevant. Brought down to the point,
the problem to be solved can be stated as

1Of course there is also peripheral vision which also plays a role.
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CHAPTER 1. INTRODUCTION

Given a set of objects each represented by a set of sensorimotor
features (feature - action - feature), obtain a hierarchical structure
which organizes the objects.

Structure

The �rst two chapters cover the basics by introducing similarity measures, hier-
archical clustering methods and Self-Organzing Maps. Based on these concepts
and methods, in chapter four a method is derived which aims at clustering of
patterns represented as sensorimotor features. Chapter �ve covers the testing
and application of it to images. Existing approaches are introduced in chapter
six. The �nal chapter discusses the approach.
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CHAPTER 2

Clustering and similarity

This chapter covers the basics used in this work and gives a theoretical foun-
dation.
First basic notions and concepts such as data types, patterns and similarity

are covered. Next clustering in general is described followed by a more detailed
look at hierarchical clustering methods. Self-Organizing Maps are presented in
the next chapter.

2.1 Patterns, classes and features

2.1.1 Classes

Classes are categories of objects associated with some concept or prototype (de
Sá, 2001). The concept of a class is a generalization of the members associated
with it. It can be, for instance, described by common features shared by all
class members. Prototypes are speci�c class members representing the class
and thus all (possible) objects associated with it.
In order to describe a class by concept, one might state possible values or

ranges of values for each feature. For description by prototypes, one would one
or more prototypes having the possible and relevant combinations of feature
values in order to represent the class.
The class space can be very often interpreted in a hierarchical way. Classes

can be grouped to superclasses according to broader concepts and thus fewer
common features for example. An ontology is prime example for such a hi-
erarchical structure of classes and concepts. Figure 2.1 shows as very simple
example of a hierarchy of vehicles. Here some vehicles are grouped according
to the number of wheels.
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CHAPTER 2. CLUSTERING AND SIMILARITY

Figure 2.1: Simple example of a hierarchy of vehicles

2.1.2 Patterns

Patterns are representations of objects, also referred to as objects, cases, sam-
ples, instances. Very often, a pattern represents some real-world (physical)
object, even though it is not necessarily so. The patterns used in this work are
mainly images.

2.1.3 Features

Features are attributes or measurements obtained from patterns and used to
describe or characterize the objects.
It should be noted that features are not necessarily raw data obtained from

objects. An 512x512 pixels image is basically a set of 262.144 light intensities,
but this full set in its raw form would probably never be used for clustering
purpose. Instead a feature extraction step is applied beforehand in order to
obtain signi�cant features which involves transformation of the raw data with
signal and image processing techniques in the case of images for instance (de
Sá, 2001).

2.1.4 Types of data

The type of a feature or attribute is �rst and foremost depending on the type of
measurement. The taxonomies in use vary to some degree. The only common
point between all seems to be the distinction between numeric and nominal
data. The taxonomy provided by Witten and Frank (2005) distinguishes be-
tween

� nominal

� ordinal

� interval

14



2.1. PATTERNS, CLASSES AND FEATURES

� ratio

data. A broad classi�cation distinguishes between numeric data (subsumming
interval and ratio) and nominal data (regarding ordinal as nominal). Numeric
attributes are also referred to as continuous, nominal are also called categorical
(Witten and Frank, 2005; Pedrycz, 2005).

Nominal attributes have discrete values which are taken from a �xed (and
often small) set of states. Each value is rather a symbol of its own which can be
compared to other ones from the same set. But there is no order (and thus no
distance) and no similarity de�ned. Thus the only valid comparison is equality.
A good example for this kind of data is the gender attribute with male, female
and hermaphrodite1 as values. Binary data also fall into that category being
a special case with two distinct states only.

Ordinal features share the same properties of nominal attributes, but have
furthermore an ordering. For instance, temperature in categorical way can
be described as hot, warm, mild and cold. There is clearly an order here
2. Still there is no notion of distance de�ned since it is not clear how far
�apart� each pair of values is from each other. The relation between values can
be evaluated with regard to equality as well as greater/smaller than (Witten
and Frank, 2005). According to Pedrycz (2005), this sort of data does have
a similarity measure de�ned which actually implies that there is a relative
between individual states. I think his notion corresponds rather to the type of
data described next.

Interval data are de�ned on a numerical scale, measured in �xed (and equal)
intervals. There is an order de�ned on these values as well as distance. In
comparison to the temperature example given above with symbolic values like
cold, here the temperature would be measured in intervals of 10°C for instance.
Particular values would then cover 0°-9°, 10°-19° and so on. Clearly one can
calculate the distance between two given intervals (Witten and Frank, 2005).

Ratio data take real values and have furthermore a inherent zero point (Wit-
ten and Frank, 2005). They can be expressed by continuous or discrete values.
The taxonomy given by Gowda and Diday (1991)(cited according to Jain

et al., 1999) distinguishes between qualitative and quantitative data on a broad
level:

� Quantitative features

� continuous values

1Just in case, we need to state a snail's gender.
2Whether the order is ascending or descending does not matter.
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CHAPTER 2. CLUSTERING AND SIMILARITY

� discrete values

� interval values

� Qualitative features

� nominal or unordered

� ordinal

Quantitative features can be compared with numerical measures while the qual-
itative cannot. Ratio values from the classi�cation above are split into contin-
uous and discrete.

Impact of data type The data type has a major impact on the methods
which can be applied to measure similarity between sets of patterns. Intuitively
nominal data which can only be compared with regard to equality, supports
only measures which compare members of distinct sets pairwise for equality.
That basically means that set operations (intersection, union etc.) are the
foundation.
Quantitative data on the other hand support arithmetic operations in general.

2.2 Similarity measures

The measurement of similarity plays a key role in the clustering task. All
algorithms naturally require a some value for comparison of individual pattern.
The question is how to obtain such a measure from the features representing
the patterns.
Whether one talks about similarity or dissimilarity of objects does not really

matter since both terms are two sides of the same coin. Having a formal
de�nition of either of them, the other one can be obtained with a suitable
transformation. In order to reduce the confusion of distinguishing between
similar and dissimilar all the time, the term proximity is used to denote either
of the them.
A proximity index denoted as d(xi, xj) with xi and xj being patterns must

satisfy the following properties namely re�exivity (2.1) and (2.2), symmetry
(2.3) and non-negativity (2.4) (Jain and Dubes, 1988):

1. a) For similarity:

d(xi, xi) > max
j

d(xi, xj), for all i (2.1)

b) For dissimilarity:

d(xi, xi) = 0, for all i (2.2)

16



2.2. SIMILARITY MEASURES

2.
d(xi, xj) = d(xj, xi), for all i, j (2.3)

3.
d(xi, xj) > 0, for all i, j (2.4)

In order to satisfy being a metric, additional properties have to be satis�ed
(identity (2.5) and triangular inequality (2.6)) (Jain and Dubes, 1988):

4.
d(xi, xj) = 0, iff xi = xj (2.5)

5.
d(xi, xj) 6 d(xi, xk) + d(xk, xj), for alli, j, k (2.6)

Failing metric properties If property 3 fails (2.5), the result is a pseudomet-
ric. A distance of 0 does not mean necessarily that two samples are identical,
but only similarity or equivalent. The cosine proximity introduced later is such
a pseudometric.
If property 2 fails (2.3), the proximity measure is a quasi-metric. This is for

instance the case for distance in a directed graph, or more practical, cities with
one-way streets where obviously the distances are not necessarily equal form A
to B and from B to A (Clarkson, 2006).

2.2.1 Numeric data

The numeric data type describe above (see 2.1.4, page 14) posses an inherent
distance between the individual values. The similarity measures used for this
kind of data are thus often making use of this fact.

2.2.1.1 Minkowski based (Lp-Norm)

For numerical data, very often Lp metrics are used as a standard proximity
function which is the Minkowski distance of order p (2.7)

dp(x, y) =

(
n∑
i=1

|xi − yi|p
) 1

p

(2.7)

where x and y are patterns and n is the number of features. Deriving from the
Minkowski norm are Manhattan3 distance (L1) ,

d1(x, y) =

(
n∑
i=1

|xi − yi|1
) 1

1

= d(x, y) =
n∑
i=1

|xi − yi| (2.8)

3also called city block distance, or taxi cab distance
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CHAPTER 2. CLUSTERING AND SIMILARITY

(a) Manhattan metric (b) Euclidian metric (c) Maximum (in�nity)
metric

Figure 2.2: 2D space covered by Manhattan metric (2.2a), Euclidian metric
(2.2b) and Maximum (In�nity) metric (2.2c) (source: Zezula et al. (2005))

Euclidian distance (L2)

d2(x, y) =

(
n∑
i=1

|xi − yi|2
) 1

2

= 2

√√√√ n∑
i=1

(xi − yi)2 (2.9)

and maximum or in�nity distance (L∞).

d∞(x, y) =

(
n∑
i=1

|xi − yi|2
) 1
∞

= max
1≤i≤n

|xi − yi| (2.10)

Figure 2.2 illustrates the room covered by the metrics above in 2-dimensional
space. All Lp-based metrics cover rather compact space around vector, with
the Euclidian distance spreading equally into every direction while all the other
have a certain preference. They are invariant to translations in feature space
but not to linear transformations in general. Euclidian metric is furthermore
invariant to rotation. It should be noted that often a normalization of the input
data is necessary since Lp metrics are not invariant to scaling, i.e. large values
of features dominate the result (Duda et al., 2001).

Thus the Euclidian metric is probably the closest to human perception of
proximity since it re�ects the �natural� distance in 2D and 3D environment.

Being a measure of dissimilarity with distances ranging from 0 to ∞, a suit-
able transformation for similarity is similarity = exp(−(distance)2) relating
the squared error loss function to the negative log-likelihood for a Gaussion
model (Ghosh and Strehl, 2006), so that a normalized Euclidian similarity is
expressed by

s(xi, xj) = e−‖xi−xj‖2 (2.11)

18



2.2. SIMILARITY MEASURES

2.2.1.2 Cosine

The cosine measure is especially popular in document clustering. The similar-
ity is expressed by the cosine of the angle between two vectors and measures
similarity directly. It is given by

s(xi, xj) =
xi · xj

‖xi‖2 · ‖xj‖2
(2.12)

where xi · xj is the dot-product and ‖x‖2 is the Euclidian norm (p-norm with
p = 2) of the vector.
Note that the cosine measure is not a metric since it violates the identity

property (2.5). It returns a distance of 0 not only if two data points have ex-
actly the same values, but also if the relative distribution of values is equal. It
does not depend on the length of a vector but on the direction only. This leads
to the high popularity of this measure for document comparison. Documents,
represented by the amount of terms found in it, having the same relative dis-
tribution of terms can be treated as identical while the absolute count of terms
does not matter. This property makes it possible to compare documents of
di�erent size e�ectively (Ghosh and Strehl, 2006).
The cosine similarity is invariant to rotation and dilation, but not to trans-

lation (Duda et al., 2001).

2.2.1.3 Extended Tanimoto or extended Jaccard

The Tanimoto similarity captures the degree of overlap between two sets and
is computed as the number of shared attributes. One might notice that this
only applies to binary data. Still it can be extended to continuous space as

sTanimoto(xi, xj) =
xi · xj

‖xi‖2 + ‖xj‖2 − xi · xj
(2.13)

with xi ·xj being the dot-product and ‖x‖2 is the Euclidian norm (p-norm with
p = 2) of the vector. This measure is also referred to as Tanimoto coe�cient
(TC ).
The Tanimoto distance is de�ned as

dtanimoto(xi, xj) = 1− sTanimoto(xi, xj) (2.14)

which means nothing but subtracting the Tanimoto coe�cient from 1. It has
been shown that this measure is a metric. According to (Clarkson, 2006), it has
been proofed by Deza and Laurent (1997), Spaeth (1980), Xu and Agra�otis
(2003) and Charikar (2002).
The Tanimoto coe�cient shares properties from Euclidian and cosine simi-

larity measures which will be shown next.
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CHAPTER 2. CLUSTERING AND SIMILARITY

(a) Euclidian-based (b) cosine-based (c) Tanimoto-based

Figure 2.3: Properties of Euclidian (a), cosine (b) and extended Tanimoto (c)
similarity measures. The lines plotted show the similarity for s = 0.75, 0.5 and
0.25. (source: Ghosh and Strehl (2006))

2.2.1.4 Comparison of Euclidian, cosine and Tanimoto similarity

Figure 2.3 illustrates the isosimilarity surfaces in 2D-space covered by Euclidian,
cosine and Tanimoto similarity measures.

The Euclidian metric isosimilarities are concentric (hyper)spheres around
a given point with similarity 1. The cosine measure produces (hyper)cones
around a line through a given point and the origin. All points on this line are
considered having similarity 1 with the given point. Finally Tanimoto measure
isosimilarities are nonconcentric (hyper)spheres around a given point with one
point having a similarity of 1. The radius of the spheres increases with the
distance from the origin so that longer vectors are treated more tolerantly
in comparison to Euclidian. Having a single point of similarity 1, Tanimoto
behaves like Euclidian for a similarity towards 1 while for s → 0, it behaves
more like the cosine. Thus it shares properties of both, Euclidian and cosine,
making it a rather robust, all-purpose measure (Ghosh and Strehl, 2006).

2.2.2 Binary data

Binary data consist of nominal values with only two distinct states (see 2.1.4,
page 15). Similarity between binary data is computed on matching and mis-
matching attributes, or in other words, the equality of values. The four combi-
nations shown in 2.1 are further referred to with the letters given in the table.

The binary measures shown in equations (2.15) to (2.19) are some of the
more popular measures.

sHamming(x, y) =
b+ c

a+ b+ c+
(2.15)
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2.3. CLUSTERING

Variable 2

1 0

Variable 1
1 a b
0 c d

Table 2.1: Index letters for binary matches

sRand(x, y) =
a+ d

a+ b+ c+ d
(2.16)

sRao(x, y) =
a

a+ b+ c+ d
(2.17)

sTanimoto(x, y) =
a

a+ b+ c
(2.18)

sCzekanowski(x, y) =
2a

2a+ b+ c
(2.19)

2.3 Clustering

Clustering is the task of discovering meaningful structures in a data set by
grouping samples or observations into clusters of similar objects. It is data-
driven in the sense that there is usually no prior knowledge about the underlying
structure of the data-set and it is thus a unsupervised learning method.
A cluster serves as a class representation. Those classes are supposed to

represent a �natural� structure of the data set. The clustering task is to �nd
clusters which (hopefully) �t the natural underlying classes.
The basic idea behind probably any approach to �nding these clusters is that

objects belonging to the same class share similar features or attributes. The
objects grouped within such a cluster are supposed be more similar to each other
than to objects put into other clusters. Thus clustering aims at maximizing the
intra-cluster similarity of objects while minimizing the inter-cluster similarity.
A general problem is the number of clusters or classes generated. Many

algorithms require the number a priori which might cause a problem if this
number is not known at all. Still depending on the application, this problem
is smaller than it seems. Clustering of consumer data bases might for example
only require separating the good from the bad, thus a �xed number of clusters
would be �ne. Other algorithms are able to approximate the number of classes.
Still this is usually done by providing a sort of threshold which indicates when
to generate additional clusters 4.

4e.g. the inter-class similarity exceeding a certain value
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CHAPTER 2. CLUSTERING AND SIMILARITY

2.3.1 Clustering vs classi�cation

Even though both task basically do the same (map a set of pattern onto a set
of classes), clustering and classi�cation have a signi�cantly di�erent purpose.
Classi�cation works with labeled data, usually in a supervised way. That

means, for a given set of samples, the underlying class of each sample is known
from the start. The learning step during classi�cation aims at obtaining a
classi�er which is able to map an object to its corresponding class correctly.
Clustering on the other hand works with unlabeled data from unknown

classes. Often even the number of classes is not known. Just as stated above,
it aims at separating the data set into a (given) number of clusters according
to similarity of the objects.

2.3.2 Steps in the clustering process

According to Jain and Dubes (1988), the typical steps in the clustering process
are

1. pattern representation (optionally including feature extraction and/or se-
lection)

2. de�nition of a pattern proximity measure appropriate to the data domain

3. clustering or grouping

4. data abstraction (if needed)

5. assessment of output (if needed)

Figure 2.4 shows the �rst three of these steps. Feature extraction refers to the
transformation of input features into new meaningful features 5 while feature
selection means the selection of a relevant subset of features.

Figure 2.4: Steps in the clustering process (source: Jain et al. (1999))

Pattern similarity is usually measured by some distance function. Section 2.2
on page 16 deals further with this topic.
The grouping step �nally performs the generation of clusters by dividing or

merging (sub)sets of patterns according to the previously de�ned proximity

5e.g. the transformation of raw image data with signal processing techniques
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2.3. CLUSTERING

Figure 2.5: Taxonomy of clustering approaches (source: Jain et al. (1999))

measure. The membership of individual patterns can be either crisp (each
pattern belongs to a particular cluster) with the e�ect of a hard partitions or it
can be fuzzy with each pattern having a certain degree of membership to each
cluster. Furthermore partitions can be structured hierarchically with nested
clusters or �at.

2.3.3 Taxonomy of clustering approaches

Since clustering, being a powerful tool for data exploration, is utilized by vari-
ous disciplines for various applications, the number of clustering algorithms is
legion. A crisp categorization of all existing approaches is thus di�cult, if not
impossible to obtain, since there is often an overlap between them.
Figure 2.5 shows a classi�cation based on the discussion in Jain and Dubes

(1988).
Berkhin (2002) provides another taxonomy.

� Hierarchical Methods

� Agglomerative

� Divisive

� Partitioning Methods

� Relocation Algorithms

� Probabilistic Clustering

� K -medoids Methods

� K -means Methods

� Density-Based Algorithms

* Density-Based Connectivity Clustering
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CHAPTER 2. CLUSTERING AND SIMILARITY

* Density Functions Clustering

� Grid-Based Methods

� Methods Based on Co-Occurrence of Categorical Data

� Constraint-Based Clustering

� Clustering Algorithms Used in Machine Learning

� Gradient Descent and Arti�cial Neural Networks

� Evolutionary Methods

� Scalable Clustering Algorithms

� Algorithms for High Dimensional Data

� Subspace Clustering

� Projection Techniques

� Co-Clustering Techniques

The classical discrimination is between hierarchical and partitioning algo-
rithms. Hierarchical construct nested partitions while partitioning algorithms
produce only one, �at set of partitions.
Jain et al. (1999) state furthermore some properties which generally speaking

may apply to all approaches.

Agglomerative vs. divisive Agglomerative approaches start with singleton clus-
ters and merge those successively into larger clusters until a stopping
criterion is reaches. Divisive methods on the other hand start with one
cluster for all patterns and perform splitting until a stopping criterion is
satis�ed.

Monothetic vs. polythetic This refers to the sequential or simultaneous use
of features, i.e. whether all features of a pattern are used simultaneously
for comparison (polythetic) or in one by one.
The usefullness of monothetic partitioning is somewhat questionable. A
�rst, broad division of the data set by single features like, for instance,
gender might be �ne depending on the purpose, but performing the en-
tire clustering based on that principle would probably result in a highly
fragmented set of clusters with limited information value.
Most algorithms are polythetic.

Hard vs. fuzzy Hard algorithms assign patterns to crisp clusters during oper-
ation and in its output. Fuzzy methods assign for every pattern a degree
of membership to every cluster.
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Figure 2.6: Example of a dendrogram. (source: Jain et al. (1999))

Deterministic vs. stochastic Basically means whether the assignment of pat-
terns to clusters follows a speci�c, deterministic way or is based on random
drawing of assignments from possible sets of partitions. Mostly relevant
for methods aiming at minimizing the square error of partitions like k-
means.

Incremental vs. non-incremental This property is relevant if the pattern set
is extremely large, and constraints on execution time or memory limita-
tions have to be considered. This issue has more or less risen together
with data mining techniques which pushed the development of incremen-
tal methods which aim at minimizing the number of scans of the pattern
set, reduce the number of pattern examined or the size of data structures
used.

Out of these vast approaches, only hierarchical clustering will be covered next.
The partitioning methods have relatively low relevance for this work.

2.4 Hierarchical clustering

Hierarchical clustering methods generate a hierarchy of clusters also referred
to as a dendrogram. The result is thus a tree of nested clusters. Each tree
node represents a cluster and contains children which are clusters as well. The
original patterns are leafs of the tree. Figure 2.6 illustrates a dendrogram.
Such a hierarchy can be evaluated at di�erent levels of granularity. In order

to obtain a �at set of clusters, the tree can be cut at a speci�c threshold,
followed by merging the siblings into the top-level clusters if appropriate.
Agglomerative variants start with singleton clusters containing a single pat-

tern only. In subsequent steps two or more clusters are merged into larger
clusters at each time step. The algorithms stops if a certain criterion like a
given number of clusters is reached or all clusters are merged into one. Divisive
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variants start with one single cluster and partition the data set until a stopping
criterion is met or only singleton clusters remain.
Divisive approaches will not be covered further. Basically one can take any

partitioning algorithm and apply it recursively on the clusters obtained in every
step. The agglomerative approaches will be dealt with next.

2.4.1 Agglomerative hierarchical algorithm

The merging algorithm consists of the following steps (de Sá, 2001):

1. Given n patterns, place the pattern in singleton clusters such that the
number of clusters c = n

2. While c > 16

a) Determine the two nearest clusters using an appropriate similarity
measure and linkage rule

b) Merge the two nearest clusters, thus reducing the number of clusters

c) Decrease c

Obviously the results depend both on the similarity measure and the linkage
rule used. Similarity measures will be covered later in section 2.2, page 16.
Here it refers to the similarity between patterns. Regarding linkage rules the
most popular are single linkage, complete linkage, average linkage rules and
squared-distance linkage (Ward's method). Linkage rules de�ne the similarity
or distance between clusters.

2.4.1.1 Single linkage

Single linkage de�nes the distance between two clusters as the minimum dis-
tance all pairs of patterns, one from each cluster. It is therefore a nearest
neighbor based method. This method was introduced by Sibson (1973), and is
considered a classical approach found in any textbook.

d(wi, wj) = min
x∈wi,y∈wj

‖x− y‖ (2.20)

‖x − y‖ is some distance norm; very often Euclidian norm is used as sort of
standard distance measure.
This method su�ers from bridge building. i.e. it connects structures which

are linked by a chain of pattern as depicted in �gure 2.7a. Still it is suitable if
the data set has a �lamentary shape as seen in �gure 2.7b.

6This is the most simple stopping criterion making the algorithm run until only one cluster
is left. Other criteria are possible of course
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(a) Bridging (b) Filamentary data

Figure 2.7: (a) Bridge e�ect: Parts of the red patterns are grouped with blue
ones due to some noisy patterns (gray) in between. (b) Filamentary data sets
which can be separated well with single linkage.

2.4.1.2 Complete linkage

Complete linkage uses the maximum distance between all pairs of pattern, one
from each cluster, and can be characterized as a furthest neighbor method
(Defays, 1977).

d(wi, wj) = max
x∈wi,y∈wj

‖x− y‖ (2.21)

This works well on compact, globular data and tends to form sphere-like clus-
ters, but fails to cluster �lamentary, chain-like sets. Figure 2.8 shows the ap-
plication to compact data with a bridge connecting the sets. Still it should
not be used if one expects lots of noisy patterns in the data set since outliers
tend to be favored. For good results, it requires the underlying clusters to be
well-separated in space.

Figure 2.8: Compact data clustered by complete linkage

Single and complete linkage are the two extremes of how to de�ne the simi-
larity of clusters in terms of hierarchical clustering. They disregard the actual
set of patterns already present in a cluster and evaluate maximum or minimum
values only. Nevertheless they work well if the data set meets the requirements.
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Average methods presented next evaluate all patterns present within a clus-
ter. Therefore they also work on atypical data sets.

2.4.1.3 Average linkage between groups

This linkage rule assess the average distance between all pairs of pattern with
each pattern being in distinc clusters (Voorhees, 1986). This method is really
in between single and complete linkage. It does not su�er neither from the
chaining e�ect nor from preferring outliers which makes it popular as a general
linkage rule.

d(wi, wj) =
1

ninj

∑
x∈wi

∑
y∈wj

‖x− y‖ (2.22)

2.4.1.4 Average linkage within groups

Being a variant of the previous one, the distance between clusters is the average
distance of all possible pairs of pattern if they formed a single cluster. This
method is aiming at minimizing the within-cluster average error.

d(wi, wj) =
1

ni + nj

∑
x,y∈{wi,wj}

‖x− y‖ (2.23)

2.4.1.5 Ward's method

Proposed in Ward (1963), this method aims at minimizing the intra-cluster
variance. It thus computes the inter-cluster distance by summing the squared
within-cluster distances of all patterns to a cluster centroid for hypothetical
clusters.

d(wi, wj) =
1

ni + nj

∑
x∈{wi,wj}

‖x−m‖ (2.24)

m is the centroid of the resulting cluster.

2.4.1.6 Lance-Williams

The Lance-Williams formula is a general expression describing various agglom-
erative clustering approaches. Equation (2.25) shows the formula which express
the distance between cluster C and another cluster formed by A and B. d is a
distance function

dA∪B,C = αAdA,C + αBdB,C + βdA,B + γ|dA,C − dB,C | (2.25)

Depending on the parameters αA, αB, β and γ, several agglomerative clus-
tering methods can be expressed. Table 2.2 shows the parameters for some
clustering methods. mA, mB and mC are the number of points in the cluster.
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Clustering Method αA β γ

Single linkage 1
2

0 −1
2

Complete linkage 1
2

0 1
2

Group average mA

mA+mB
0 0

Ward's mA+mC

mA+mB+mC

−mC

mA+mB+mC
0

Table 2.2: Lance-Williams parameters

2.4.1.7 Transitive Closure method

Ohsumi and Moroi (1975) investigated how a dendrogram as a solution of a
hierarchical clustering process and fuzzy relations are connected. Their �ndings
showed that computing the transitive closure of a similarity matrix generates
a hierarchical structure and satis�es a fuzzy relation.

Without diving into the depths of fuzzy set theory (Zadeh, 1965), a fuzzy
relation has to satisfy re�exivity, symmetry, max-min transitivity and min-max
transitivity. A similarity matrix containing all pairwise similarities of patterns
satis�es symmetry and re�exivity, if the similarity measure was obtained with
an appropriate measure like a metric. So the open question is transitivity
which cannot be assured. But it is possible to compute the transitive closure
of a matrix and thus satisfy this condition as well (Dubois and Prade, 1980).

The transitive closure matrix (TC matrix) obtained can be evaluated by going
through the thresholds in descending (ascending) way and merging (splitting)
the clusters at a given threshold. The result is a dendrogram.

2.4.1.8 Divisive hierarchical clustering

The divisive method is more or less an inverted agglomerative approach. Instead
of starting with singleton clusters and merging them until all only one cluster
is left, this algorithm starts with a single cluster and splits it into two. This is
done iteratively for all clusters until only singleton clusters remain.

This method is seems to be hardly used at all. It produces the very same
results as the merging approach but is computationally heavy. In order to
divide a cluster, basically all possible subsets have to be analyzed.

2.4.2 Noteable hierarchical clustering developments

Much research has been conducted to improve the performance (quality and/or
time and space requirements) of clustering methods compared to classical ap-
proaches. Some noteable methods with regard to hierarchical agglomerative
clustering are presented next.
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COBWEB (Fisher, 1987) is a method for conceptual or model-based cluster-
ing, producing a dendrogram which can be seen as a classi�cation tree. Each
cluster in the tree stores the conditional probabilities for attribute-concept pairs
which are basically concept-speci�c Naïve Bayes classi�ers. New patterns can
be inserted iteratively according to a heuristic called category utility.

CLASSIT (Gennari et al., 1989) is similar to COBWEB, though it works with
numerical values, and associates normal distributions to nodes.

BIRCH (Balanced Iterative Reducing and Clustering using Hierarchies) (Zhang
et al., 1996) is a clustering method which is suitable for very large databases
by being able to operate with limited resources (memory, time constraints).
It utilizes a height-balances tree which stores nonleaf nodes containing data
summaries, called Clustering Features (CF), instead of the original data. Leaf
nodes also store a CF but have a threshold requirement (a radius or diame-
ter) in addition which governs whether new entries can be summed up by a
particular leaf or have to constitute a new leaf.

CURE (Cluster Using REpresentation) (Guha et al., 1998) is a hierarchical
agglomerative clustering method. It represents a cluster by a �xed number of
points which are supposed to to capture the shape of a cluster. This is a middle-
ground between the representation by a centroid and all points. Furthermore
it employs sampling from the input data instead of always using the entire set
in order to be applicable to very large databases. The number of clusters has
to be given beforehand.

ROCK (Robust Clustering algorithm for Categorical Data) (Guha et al.,
1999) by the same developers as CURE has a lot in common with the before-
mentioned method, but was developed for categorical data. It de�nes a link
between two data points as the number of common neighbors, given a certain
threshold as a minimum.

CHAMELEON (Karypis et al., 1999) is a two phase hierarchical clustering
algorithm. First it uses graph partitioning algorithm to cluster the input data
into rather small clusters and obtains a sparse cluster representation using a
k -nearest neighbor graph. In a second step, it builds a hierarchy with agglomer-
ative methods by the terms of relative inter-connectivity and relative closeness.

Hierarchical density-based clustering (Ankerst et al., 1999)

Hierarchical subspace clustering (Achert, 2007)

30



2.5. EVALUATION OF CLUSTERING RESULTS

2.5 Evaluation of clustering results

When it comes to the evaluation of results, it is rather hard to assess the
quality of a hierarchy generated. A lot of the trouble comes from the fact that
any evaluation has to be based on subjective measures.

2.5.1 Ugly duckling theorem

The ugly duckling theorem (Watanabe, 1969) states that there is not objective
measure of similarity. It cannot be distinguished between two classes when they
are compared over all features. So any arbitrary pair of objects will be equally
similar. What is necessary here is the application of domain knowledge in order
to in a useful way.

This does not only apply to the similarity measures introduced before but also
to the clustering methods. With regard to hierarchical agglomerative clustering
it the question which clusters should be merged at a speci�c point.

The ugly duckling theorem is somewhat unintuitive since it takes a look
from a pure mathematical point of view. It forces one to acknowledge that any
apparently simple similarity de�nitions are based on some assumptions and
only hold true under these assumptions. With regard to the evaluation of a
hierarchy, the quality assessment also depends on the assumptions.

Based on assumptions about what the outcome should be, some quantitative
measures have been developed, for instance the cophenetic correlation.

2.5.2 Cophenetic distance and correlation

The cophenetic correlation is a evaluation measure for hierarchical clustering.
It makes use of the cophenetic distance which is the distance between a pair
of objects given by the proximity at which a pair of objects was grouped into
one cluster for the �rst time in the process of agglomerative clustering. For
instance, when cluster A is merged with cluster B at the distance of 0.2, then
the cophenetic distance of all patterns from A to all from B is 0.2. Based on
these values, a cophenetic distance matrix can be drawn.

The cophenetic correlation coe�cient (CPCC) (Sokal and Rohlf, 1962; Far-
ris, 1969) is the correlation between the cophenetic distance matrix and the
original dissimilarity matrix and is a standard measure for expressing how well
a hierarchical clustering method �ts the input data (Tan et al., 2005). For
instance, comparing di�erent linkage rules might be done with this coe�cient
in order to see which �ts the input data best.
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2.5.3 Precision, recall and F-measure

The three measures are classi�cation oriented ones. Their basis is the fraction
of objects from a particular class associated with a particular cluster.

Precision Precision states the fraction of a cluster x that belongs to a par-
ticular class c.

precision(x, c) =
nxc

nx
(2.26)

with nxc is the number of objects belonging to class c in cluster x, and nx is
the total number of objects in cluster x (Larsen and Aone, 1999).

Recall Recall expresses the fraction of objects from a particular class c found
in a cluster x out of all objects of class c.

recall(x, c) =
nxc

nc
(2.27)

with nxc being the number of objects belonging to class c in cluster x, and
nc being the number of all objects of class c in all clusters (Larsen and Aone,
1999).

F-measure The F-measure is a combination of the two before-mentioned pre-
cision and recall. It states to which extend a cluster x contains only and all
objects of class c (Larsen and Aone, 1999).

F (x, c) =
2 · precision(x, c) · recall(x, c)
precision(x, c) + recall(x, c)

(2.28)

The values produced by the measure are in the range of [0 . . . 1] with 1 being
the best.
The f-measure for a particular class c is given by equation �(2.29).

F (c) = max
x

(F (x, c)) (2.29)

Basically one computes the f-measure for all clusters and picks the best value.
The idea is pretty simple: if there is a cluster with a high f-measure, this par-
ticular cluster represents this class very well by consisting of these class' objects
only (or nearly only in practice) as well as containing (nearly) all objects of this
class. For a particular class, it thus states how well this class is represented
somewhere among all clusters.
The overall F-measure, expressing the quality for the entire set of clusters,

is given by equation (2.30). For each class, the f-measure is computed and
weighted over the number of objects in relation to the total number and summed
up.
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F =
∑
c

nc
n
F (c) =

∑
c

nc
n

max
x

(F (x, c)) (2.30)

with nc being the number of objects in cluster c and n is total number objects.
The f-measure can be applied to �at cluster sets as well as hierarchical ones.

In the case of a hierarchy, every node is a cluster, and for the computation each
node has to �attened. Thus all objects from the subtree have to be considered.
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Self-Organizing Maps

Self-Organizing Maps (SOM) are based on the work of Teuvo Kohonen from
the 1980s (Kohonen, 1982a), which investigate the self-organization process on
a theoretical basis. The actual SOM algorithm was introduced in Kohonen
(1982b), reviewed in Kohonen (1990) as well as Kohonen (1998) and described
in detail in Kohonen (2001) 1.
SOMs are a kind of Arti�cial Neural Networks (ANN). A categorization given

in Kohonen (1990) distinguishes between three kind of ANN:

Feedforward networks These transform a set of input signals into output sig-
nals. The transformation is learned in a supervised way.

Feedback networks Here the input signal de�nes the initial state of the sys-
tem. After a series of state transitions. The �nal state reached after the
computation is then the output signal.

Competitive or self-organizing networks The computing elements compete
against each other in their activations and develop into �specialists� for
speci�c input signals. This is done is unsupervised way; the connection
strengths are adopted based on the properties of input data.

Self-Organizing Maps fall into the last category.
A SOM is able to realize a mapping of nonlinear statistical relationships

between high-dimensional input vectors to a two-dimensional grid-structure.
The mapping preserves most of the topological information of the input data set
which is an important property for �nding cluster structures in the pattern set.
A node or local group of nodes with a speci�c location in the map corresponds

1Note that this is the 3rd edition of his book; �rst edition is from 1998

35



CHAPTER 3. SELF-ORGANIZING MAPS

to a speci�c domain of input patterns (Kohonen, 1990). Similar patterns in
input space will be mapped to nodes located near each other. Furthermore the
map structure is able to generalize by interpolating between samples.
Basic working principles of a SOM are therefore:

� Vector quanti�cation: a set of vectors in the output layer is quanti�ed in
order to �t the input vectors.

� Projection from input to output space: the input vectors are projected to
the previously quanti�ed vectors in output space.

Topological maps in brains The basic idea of SOMs is grounded in topolog-
ically organized structures in the brain which are spatially organized according
to the sensory input (Kangas, 1994). Several of these computational maps
have been discovered, �including visual maps of line orientation and direction
of motion, auditory maps of amplitude spectrum and time interval, and motor
maps of orienting movements.�(Knudsen et al., 1987, p. 61). An overview about
research results is given in Knudsen et al. (1987) and Anderson et al. (1990).
The idea of self-organizing maps and their resemblance to the self-organization

process found in brains has been widely accepted. Rojas (1996) states with re-
gard to the visual cortex which is the area responsible for the processing of
inputs from the visual �eld that the regions of the cortex are topologically re-
lated to the inputs, e.g. neighboring regions of the cortex process neighboring
regions of the visual �eld, making the cortex some sort of map of the visual
�eld.

3.1 Structure of network

As mentioned before, a Self-Organizing Map is a sort of Neural Network. It
consists of an input layer and a neuron layer which is usually referred to as the
map. The map nodes are arranged in a grid and have a neighborhood relation
to each other.
The input layer is fully connected with the map layer and each input node

corresponds to a feature of a pattern. Basically the input layer corresponds
to the feature vector of a pattern. Each map neuron has a weight vector of
the size of the input vector; it serves as a prototype (or model or codebook).
Figure 3.1 shows an example of a SOM. The map is actually the output layer of
the network, even though one is actually free to introduce a third output layer
which consists of desired classes only and link the map nodes to these nodes.
The activation of a map node given a pattern is de�ned as the distance

between the input vector of the pattern and the weight vector of the node.
Again, a large number of distance measures are possible here, ranging from
Euclidian distance to more exotic ones.
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Figure 3.1: SOM illustration

3.1.1 Map grid

The map neurons are usually arranged in a 1 or 2-dimensional grid which is
usually rectangular or hexagonal but extensions to higher spaces like hyperbolic
space exist as well (Ontrup and Ritter, 2001). Figure 3.2 shows examples for
the �rst two grid types.

(a) Rectanglur grid (b) Hexagonal grid

�

Figure 3.2: Basic grid types: (a) rectangular and (b) hexagonal.

The grid basically de�nes the neighborhood relation between nodes and thus
also the position of each neuron in output space. In other words, it de�nes the
topology of the output data. The distance in output space is then de�ned as
the distance between neurons in the grid. Usually Euclidian distance is used
for the 2-dimensional type.
It is also possible to wrap around the map on one or two axis, thus producing

a cylinder or toroid structure as seen in �gure 3.3. Wrapping is only useful if
the data set supports it (circular data).

3.1.1.1 Weight vectors

Each neuron n has a associated weight vector mn = [mn1,mn2 . . .mnd] with d
being the dimension of the input vector. Thus, corresponding to the feature
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(a) Sheet (b) Cylinder (c) Toroid

Figure 3.3: Di�erent map shapes. (a) shows the classical map shape without
wrapping, (b) and (c) depict the map topology with wrapping along one and
two axis respectively (source: Vesanto et al. (2000))

vector of a pattern, it de�nes a neuron's position in input space.
These distance between a neuron and a given pattern is de�ned as the dis-

tance between the prototype of the former and the feature vector of the latter.
Which distance measure should be used, is rather up to the properties of the
representing vectors.

3.1.2 Initialization

The initialization requires the following parameters:

Map dimensions and shape The shape can be chosen from the above (see
section 3.1.1, page 37) mentioned grid layouts. As a rule of thumb: the
more direct neighbors a neuron has, the more possibilities there are to
arrange a group of neurons while preserving the distances between them.
Thus usually a hexagonal shape it recommended.

The number of neurons, determined by the map dimensions, has a high
impact on the results. It should be selected as high as possible in order to
allow the map to converge smoothly while maintaining its generalization
capabilities. However with tens of thousands of neurons, the application
computationally heavy.

Weights SOMs are very robust with respect to initialization of prototypes.
One can choose among

� random initialization: Vector components are initialized with ran-
dom values. It is not even necessary that the random values for
each component are from the possible range of values from the input
data, but it would speed up the convergence process and is therefore
recommended.
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� sample initialization: Prototypes are drawn randomly from the input
data.

� linear initialization: Weights are initialized in ordered way along
the principle eigenvectors of the input data. The eigenvalues can be
computed by Gram-Schmidt ortogonalization, for instance.

3.1.3 Learning algorithm

The SOM is trained by patterns iteratively for a given number of times. It is
suggested that the number of iterations is a multiple of the size of the data
set in order to present the input patterns equally often. At least, each sample
should be presented once as a minimum.
The actual learning consists of the following steps which are performed during

every iteration:

1. Finding the best matching node
For each map node, the distance between input vector and weight vector
is computed. The node with the minimum distance is the winning unit,
also referred to as Best-Matching Unit (BMU). More formally, it is de�ned
as

‖x−mc‖ = min
n
{‖x−mn‖} (3.1)

where ‖ · ‖ is the distance measure, x is the input vector and mc is a
neuron.

2. Adaption of weights

The weights of (all) nodes are tuned according to the distance between
weight vector and input vector, the relative distance to the winning node
(neighborhood distance) and a learning rate.

The update rule for the weight vector of neuron n is:

mn(t+ 1) = mn(t) + α(t) hcn [x(t)−mn(t)] (3.2)

where t denotes time. x(t) is an input vector at time t, the neighborhood
kernel around the Best-Matching Unit c is given as hcn and �nally, the
learning rate α(t) at a speci�c time.

The adjustment of weight vectors performs the actual learning and adjusts the
nodes toward the input space. The individual nodes are thus shifted step by step
to match patterns from the data set. This principle has been applied before
in other algorithms (namely Learning Vector Quanti�cation (LVQ) Kohonen
(2001)). The trick here is that not only one matching node gets adjusted but
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the local neighborhood of the node as well, so that not only one node shifts
toward the input signal but a local group of nodes. Figure 3.4 illustrates this.
Learning rate and neighborhood change over time. Initially the learning rate

is rather high and the number of e�ected neurons large, too, which produces a
rough global ordering. Towards the end of learning, the learning rate is small
and only few neurons surrounding the winner node are e�ected at all, thus
allowing for a �ne tuning.
This produces on the long run a map which corresponds to the topology of

the input data.

Figure 3.4: Updating the Best-Matching Unit and the local neighborhood
of it. The solid lines depict the situation before updating, the dashed after.
(source: Vesanto et al. (2000))

3.1.3.1 Learning rate

The learning rate in�uences how strong a node gets shifted toward a pattern.
It is usually a decaying function, so that starting from given initial learning
rate, the learning rate drops in the course of time. It usually depends on the
current time-step out of all time-steps.
The learning rate gets applied as a factor to the distance between input vector

and weight vector and therefore has to be in the range of [0 . . . 1].
The type of function is usually free to choose. It can be a linear function,

piecewise de�ned or logarithmic function. Towards the end of the convergence
process, the learning rate is constant in some applications.

3.1.3.2 Neighborhood function

The neighborhood function de�nes, how strong a group of neurons surrounding
the Best-Matching Unit is e�ected during updating their vectors. It can be
interpreted as the connection strengths between neurons from the map layer.
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Just like the learning rate, the neighborhood changes over time and shrinks in
the course of time. So if initially more or less the entire map is covered, towards
the end only few neurons around the winning node are e�ected.

The size of the neighborhood is usually computed by a time dependent,
decaying function. It de�nes the maximum distance in terms of map distance
between neurons and the BMU at a given time step. Map nodes with a distance
higher than the radius are not adjusted. The size is denoted as σ(t) in the SOM
literature. An example for an exponential decay function might be

σ(t) = σ0 exp

(
− t

ttotal
log σ0

)
(3.3)

where σ0 is the initial neighborhood radius (usually half of the map width or
height), and ttotal is the total number of iterations. But again, the function
computing the size might be any as long as it is decaying. In some works, the
neigh

The shape of the neighborhood de�nes the strength of adjustment within the
radius around the BMU. There is a lot of possible shapes. Popular ones are
Gaussian (3.4), cylinder (3.5), cone (3.6), dome (3.7) or mexican hat (3.8).
Figure 3.5 illustrates the various shapes.

hcn(t) = exp

(
−‖rc − rn‖

2

2σ2(t)

)
(3.4)

hcn(t) =

{
1 if‖rc − rn‖ ≤ σ(t)
0 else

(3.5)

hcn(t) =

{
1− ‖rc−rn‖

σ(t)
if‖rc − rn‖ ≤ σ(t)

0 else
(3.6)

hcn(t) =

{
cos
(
π‖̇rc−rn‖

2σ(t)

)
if‖rc − rn‖ ≤ σ(t)

0 else
(3.7)

hcn(t) =
1√

2πσ3

(
1− ‖rc − rn‖

2

σ2

)
exp

(
−‖rc − rn‖

2

2σ2(t)

)
(3.8)

3.2 Properties

It has been mentioned that the SOM output layer is supposed to preserve the
topology of the input data. Even though one can intuitively agree with this
statement for a local group of output nodes, one can doubt whether it is true
for the global topology.
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(a) Gaussian (b) Cylinder (c) Cone

(d) Dome (e) Mexican hat

Figure 3.5: Neighborhood functions illustrated.

Ordering property The ordering property, or rather the ordering of output
nodes on a global scale, has only been proofed for the 1-dimensional case (for
instance Erwin et al., 1992). For the multi-dimensional case, it could only be
shown for some particular cases (Flanagan, 1996) but not for the general one.
This problem arises to large extend from the lack of agreement on how to order
multi-dimensional data.
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CHAPTER 4

Clustering sensorimotor features

This chapter covers the conceptual aspects of the clustering algorithms used
which ground on the concepts and algorithms described in the previous chap-
ters. The application to test data is described in the next chapter (chapter 5,
page 61).

The clustering algorithms presented here generate a strict hierarchy where
nodes located higher in the hierarchy contain sub-sets of features common to all
children nodes. This work is heavily oriented towards the application to scenes
(e.g. images of scenes) which shall be grouped according to common features.

The �rst section deals with related applications which serve as data providers
and furthermore de�ne the context of clustering by relying on the hierarchy
generated. Next a speci�cation of the input data is given. This covers the
sensorimotor features as well as scene representation . This is followed by a
description on how to de�ne a similarity on these data which basically leaves
the options of de�ning a similarity measure directly on the input data or trans-
forming those to a more suitable format. Finally the last section deals with the
hierarchy generation.

4.1 Related applications

This section introduces applications / algorithms which are related to this work.
This is mainly the Okusys system for visual scene analysis which relies on a
hierarchy of classes for classi�cation of images. So far this hierarchy has been
generated manually. This work proposes an unsupervised way to obtain such
a hierarchy. Furthermore Okusys provides the input data for the clustering
algorithm by extracting sensorimotor features from images.
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4.1.1 Okusys

Okusys (Schill et al., 2001) is a biologically inspired system for recognition
of images with saccadic eye movements. The insight behind Okusys is that
humans do not recognize an image as a whole but by rapidly moving along
small regions of interest. Each �xation at a speci�c region only covers a small
area of a scene but by performing rapid saccadic eye-movements, all relevant
regions can be covered.

Okusys mimics this behavior. First, in a preprocessing step, areas of interest
are identi�ed by linear and nonlinear �ltering. Those spots or rather the foveal
features located there serve as possible �xation targets. Each pair of foveal
features can be connected by a saccadic eye-movement to obtain sensorimotor
features which represent the scene or image. This bottom-up process is accom-
panied by a top-down process of adaptive reasoning about which saccade to
perform in order to recognize an image. The selection strategy is based on the
principle of information gain and tries to predict saccades in order to gather
evidence for the current scene at hand. It utilizes a knowledge base of senso-
rimotor representations of scenes which has to be learned beforehand. From a
cognitive point of view, the knowledge base serves as a long-term memory while
the low-level processing of images (extracted features and performed saccades)
correspond to the short-term memory.

The system is trained in a supervised way. All scenes are presented together
with feedback.

Okusys has been already used as a visual scene analysis module in other
works (Wolter, 2006; Reineking, 2008).

4.1.1.1 Feature extraction

The question which locations of a image are �interesting� from a human point of
view has been addressed in Zetzsche et al. (1998). The analysis of recorded hu-
man eye-movements viewing natural scenes with higher-order statistics revealed
the bias to �xate locations with frequency components of multiple orientations
(e.g. curved edges). This agrees with the concept of intrinsic dimensionality.
This concept relates the degrees of freedom provided by a domain to the de-
grees of freedom actually used by a signal and states that the least redundant
(the most informative) features in images are intrinsically two-dimensional sig-
nals (i2D-signals) (Zetzsche and Krieger, 2001; Zetzsche and Nuding, 2005).
Figure 4.1 illustrates the concept.

On the low-level stage, �rstly nonlinear i2D-selective operators are applied
to the image in order to obtain a list of �xation candidates. Secondly the
feature vectors describing the characteristics of �xation locations are generated
by combining the outputs of linear orientation selective �lters (Schill et al.,
2001). Figure 4.2 shows a un�ltered and �ltered picture.
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Figure 4.1: Local signals with di�erent intrinsic dimensionality. (source: Zet-
zsche and Nuding (2005))

(a) Original (b) Filtered

Figure 4.2: Application of i2D �lter to Lena picture 4.2a leading to a represen-
tation with non-redundant features only 4.2b. (source: Zetzsche and Nuding
(2005))
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4.1.1.2 Sensorimotor features

As already stated above, images are represented as sensorimotor features. Such
a feature consist of a triple of two foveal features (feature vectors at speci�c
�xation location) and the relative position between them representing the sac-
cade performed. This triple is abbreviated as FAF (Feature - Action -Feature).
The foveal features are obtained in the preprocessing stage describe above. The
relative position is encoded in a qualitative way by abstracting the numerical
angle and distance (Schill et al., 2001).

4.1.1.3 Learning

During the learning stage, the system learns to associate the sensorimotor fea-
tures with individual scenes. By executing all possible saccades, a statistic with
relative occurrence frequencies is obtained for every picture. A speci�c FAF
thus supports an individual scene up to a certain degree and is represented in
the knowledge base as a hypothesis for an image and the corresponding value
provided by a eye-movement. The results are stored in a Matrix M = {xij}
where each row is associated with a eye-movement and each column is asso-
ciated with a hypothesis. The support ri(Hj) for a particular hypothesis Hj

given by a particular eye-movement Ei is calculated by the number of times
this eye-movement was performed on the particular image divided by the total
occurrences of this eye-movement

ri(Hj) =
xij∑j
k=0 xik

(4.1)

The hypothesis space T is a strictly hierarchical one with every non-leaf
object corresponding to a class and every leaf corresponding to an object1.
Any element from T can be thus interpreted as a subset of the set of all objects
θ (Schill et al., 2001). So far the actual hierarchy has been generated manually
which should be changed by the output of this work.
The ratio ri(Hj) corresponds to a basic probability assignment (bpa) in

the Dempster-Shafer Theory of Evidence framework (Dempster, 1967; Shafer,
1976).

4.1.1.4 Classi�cation

The classi�cation of images done by performing sequences of saccades, and
gathering pieces of evidence for (a set of) hypothesis with every saccade.
The interesting point is, how the system determines which saccade should

be performed next in every step. The strategy used for that matter is IBIG
(Inference by information gain). The basic idea is to determine the piece of data

1An individual object can be of course interpreted as a class, too.
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Figure 4.3: IBIG cycle. Given a sensory input and the corresponding belief
distribution in the hierarchy, a saccade with expected maximum information
gain is calculated. The resulting eye-movement leads to the next sensory input
and closes the cycle. (source: Schill et al. (2001))

which holds the largest information gain with regard to the current evidence
distribution of hypotheses space (Schill, 1997).

The information gain corresponds to the di�erence of the current belief distri-
butionmT and the potential belief distribution m̂T . The current belief distribu-
tion mT is computed from all the evidence gathered so far. The potential belief
distribution m̂T is based on all evidence so far plus yet uncollected evidence.

I = |mT − m̂T | (4.2)

In the context of scene analysis, the evidence so far corresponds to the sac-
cades executed so far. The potential evidence is thus a possible saccade which
could be performed next. Possible saccades are all those with the current �x-
ation point as the starting point and all not yet visited �xation points as a
target. The belief is calculated by combination of the ratios of the performed
sensorimotor features. After selecting a promising saccade, the belief distribu-
tion is recalculated and the selection process starts again. Figure 4.3 illustrates
the cyclic process.

By selecting the sensorimotor features promising the highest information
gain, the overall uncertainty with regard to the belief distribution of the hy-
potheses space is supposed to be minimized.
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4.1.2 SMX and VAIN

The principle of using sensorimotor features for representation has been already
extended from visual scenes to spatial representation.
SMX (Sensorimotor Explorer) (Wolter, 2006) introduced an VR-based agent

system which was developed to solve navigation tasks (with the focus on lo-
calization) in a virtual environment. For the spatial representation, a sensori-
motor approach very similar to the Okusys approach described above (Subsec-
tion 4.1.1, page 44) has been used. Here the sensorimotor features consist of
�xed locations or views2 which are connected by movement actions.
VAIN (Vision-based Active Belief Navigator) (Reineking, 2008) focused on

extending the agent's capabilities in terms of localization. This included active
localization (seeking for optimal disambiguating actions) as well as recovery
from fatal localization situations (e.g. after kidnapping the agent).

4.2 Data description

The following section deals with description of the input data used for cluster-
ing. This covers basically the data used in Okusys (see section 4.1.1, page 44),
i.e. the representation of scenes / images with sensorimotor features.

4.2.1 Representation of sensorimotor features

A sensorimotor feature like it is used in Okusys is a triple consisting of a start-
ing feature, an action and a target feature. It is usually referred to as FAF
(feature, action, feature) for clari�cation. In the case of images, the starting
and target features are foveal features representing the image �content� at a
speci�c image location. They correspond to �xation location on a scene. The
action describes a relative movement from the starting to the target feature,
it has thus a direction. Figure 4.4 illustrates a FAF. The explanation of the
individual values is given below.

4.2.1.1 Stored values

A foveal feature contains the following values:

� Opening angle: angle de�ned by the two of an intrinsic i2D-feature. The
edges forming the angle are determined by the outputs of linear orienta-
tion selective �lters (Schill et al., 2001).

� Orientation: direction of angle opening with respect to image.

2An analogy to neural �place cells� discovered in the brains of mammals which �re when a
speci�c location known to the subject is perceived
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α

β oβ

oα

d

v

Figure 4.4: Sensorimotor feature in a parallelogram. α and β are the opening
angles of two foveal features located in the corners. oα and oβ depict the
orientations of these angles and d shows the di�erence angle between them.
v is the directional vector representing the saccade.

� Color: Color at speci�c position3, represented by RGB values.

An action representation contains the following values.

� Distance: relative distance between starting and target feature.

� Di�erence angle: di�erence between the orientation of the opening angle
of those features.

� Relation angle: angle between the two features in relation to the image.

The values making up foveal features and actions are obtained by numerical
measurements, but stored as (pseudo-)qualitative values.

� Distance: The distance between starting and target features is calculated
as the Euclidian distance between the pixel locations. The actually stored
value is a mapping to (pseudo-)ordinal values (�very close�, �near�, �far�
and �very far�).

� Angular values: Those are obtained as numeric data, too, and mapped
onto intervals with 10° or 5° width.

3The Okusys system as described in Schill et al. (2001) has actually no color support. It
has been added recently.
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This is insofar relevant as to decide whether numeric similarity measures can
be applied to those data. The angles with its interval representation pose no
problem. The (pseudo-)ordinal distances on the other hand have to be trans-
formed into suitable numeric values which re�ects the relative distance between
individual values. Since the range covered by the original distance measures is
known, such a transformation is applicable, for instance by taking the upper
limit of the interval or the average distance as a numeric representation4

4.2.1.2 Comparing FAFs

Originally FAFs have been treated as individual symbols, e.g. a pair was either
equal or not based on whether all values matched or not. They can be best
regarded as nominal attributes when compared that way. There is neither
a speci�c order nor a similarity expressed in numerical values. Still due to
the nature of the values (or rather the initial measuring methods) it would be
perfectly �ne to impose a distance based dissimilarity measure.

4.2.2 Scene representation

As already said a scene is represented as a set of sensorimotor features. Fig-
ure 4.5 shows a very simple scene: original image and �ltered one with senso-
rimotor features.

The entire set can be regarded as a fully connected graph with the foveal
features corresponding graph nodes. A sensorimotor feature represent an edge5.
As the action is of such a feature is directional, the representation requires two
sensorimotor features for every pair of foveal features.

One can already guess that for a relatively low number of foveal features
(and thus �xation locations) the number of total sensorimotor features becomes
pretty high. The number of edges of an undirected fully connected graph corre-
sponds to |E| = |V |·(|V |−1)

2
with |V | being the cardinality of vernices and |E| the

cardinality of edges. Since each undirected edge is represented as an directed
one in this case, the cardinality increases to |E| = |V | · (|V | − 1). Figure 4.6
illustrates the extracted sensorimotor features for a real-world image. It has 44
extracted foveal features which sum up to 1892 sensorimotor features.

The set of sensorimotor features is unordered. There is no particular inherent
starting point for looking at an image in general, even though one could possibly
de�ne an initial �xation location in some way.

4Note that it is not meant to calculate the original distance. It is just a scale transformation
in order to re�ect the original di�erences in distance.

5Actually only the action (saccade) should be regarded as an edge since it is the connecting
element between individual nodes.
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(a) Original (b) Filtered

Figure 4.5: Image showing a black rectangle on a white background. Un�l-
tered (a) and �ltered (b). The corners of the rectangle are the foveal features
(red dots) found in this scene; the numbers state the opening angle (top) and
orientation (botton) of each foveal feature. The yellow lines show the actions
(saccades) which can be performed. Note that for each line, two actions are
possible since the actions are directional.

4.3 Approaching the problem

4.3.1 Tackling the similarity of scenes

The question at hand is, how can a value expressing the similarity of individual
scenes be obtained? There are two very basic way to tackle this problem:

� Designing a similarity measurement speci�cally suitable for representation
at hand

� Transforming the current representation into another one which is suitable
for application of well-known similarity measures

4.3.2 Sequences similarity

To get a notion of how similarity might be measured, one can take a closer look
at the way Okusys (section 4.1.1, page 44) analyzes scenes. Its behavior might
give some clues.
Basically Okusys takes a sensorimotor feature6 and looks up the support of

this FAF for a particular scene (or a set of scenes). At this point a partic-
ular sensorimotor feature might support one or more scenes depending upon

6Thus it performs a saccade from one �xation location to another in biological sense
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(a) Un�ltered (b) Filtered without saccades

(c) Filtered with saccades

Figure 4.6: Three views of a plastic duck: (a) un�ltered, (b) after �ltering
showing the foveal features only with opening angle (top number) and orienta-
tion values (bottom number) and (c) �nally �ltered showing foveal features and
saccades. (image source: part of COIL-20 image library (Nene et al., 1996))
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whether it has been seen in one or more scenes during the learning stage. Ambi-
guity arises if a particular FAF supports more than one scene obviously. Since
sensorimotor features are processed sequentially with the individual supports
being combined, there can be only ambiguity if entire sequences are found in
more than one scene.
Comparing possible sequences of sensorimotor features of pairs of scenes for

equality and taking this as a measure for similarity would certainly work. But
one can already suspect that such an approach will pose problems in terms
of computability. For a precise measure, actually all possible and thus unique
sequences must be generated which after all means to permutate. For a given
number of foveal features i, the number of unique full-length sequences is (i−1)!
which puts the generation of sequences into the complexity class of O(n!). This
complexity already rules out the generation of complete sequences; with regard
to scenes with 40+ foveal features, it would require a life-time to obtain the
sequences for a single scene alone.
Limiting the length of a sequences would reduce the complexity and might

serve as a broad approximation. Still, even sequences with length 2 or 3 already
explode with regard to absolute numbers. A scene with 44 foveal features
generates 79,464 2-step and 3,258,024 3-step sequences.
All in all, the idea of comparison of sequences is a rather bad one.

4.3.3 Transformation

The idea is to transform the unordered sensorimotor feature set into a repre-
sentation which allows the direct application of numerical similarity measures.
The target is to represent a scene as a vector of either integer or continuous
values. Furthermore the dimensionality of features of a scene can be reduced.
The key to a numerical representation is to abstract from the individual

FAFs by grouping sensorimotor features according to a similarity. The scene
representation then consists of an occurrence count of abstracted sensorimotor
features.

4.3.3.1 Clustering of sensorimotor features

The method applied here is to cluster the sensorimotor features with the help
of a Self-Organizing Map. That way similar sensorimotor features are mapped
onto topologically related nodes of the map and thus preserving the topology
of FAFs in input space.

Degree of abstraction A speci�c node of the map represents a group of
similar sensorimotor features in input space. How large this group is depends
on the size of the map in the �rst place. It is obvious that a 1-node SOM
would map all FAFs onto one group as the one extreme while a SOM with
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as many nodes as there are distinct FAFs would have a fair chance to group
each sensorimotor feature into singleton groups. Still the latter case is not
guaranteed; it depends too much on the actual convergence of the SOM. If two
input features are only slightly di�erent (i.e. one variable is di�erent), they
might be mapped onto one node in one case and onto two nodes in another
depending on the organization of the local neighborhood of nodes in that area.
During the learning process the density of input vectors plays a role as well.
If there are many similar input vectors (many relative to the total number of
input features) the SOM learns to distinguish those vectors �better� since the
are presented more often and thus arrange the very same local group of map
nodes in a rather �ne way which as a result is sensitive to minor di�erences. On
the other hand, another group of equally similar vectors in terms of absolute
measures but fewer in numbers (making up a smaller proportion of the total
population) would not be separated as �ne. Basically if there are as many
nodes as distance input vectors, it cannot be guaranteed that every distinct
feature from input space is mapped onto distinct nodes in output space. Still
this could be probably achieved by increasing the map size even further. The
question is what size is necessary which is hard to answer. Still computation
time will puts an limit to the number of nodes, since the convergence process
will become very slow eventually.

Map parameters The distance measure used to compute the dissimilarity
between an input vector and the weight vector of the node will be Euclidian
metric. This metric is probably the most suitable for this task since it the
absolute di�erences of values into account. A directional measure like the cosine
would treat FAFs with equal relative distribution of values as equal which is
not intended here. For instance, a sensorimotor feature with two foveal features
having opening angles of 90° should not be equal to a FAF with opening angles
of 180° (assuming the other values are equal for both). But this would actually
be the case with a direction centered proximity measure.

The sensorimotor features need to be preprocessed �rst in order to be appli-
cable. They need to be normalized to a uniform range, otherwise the Euclidian
distance measure would prefer larger values. The attributes naturally range
from 0 to 360 in case of the angles, 0 to 255 for the color values and 1 to 4
for distance. Without normalization the distance attribute would have close to
no impact on the actual distance computed. The normalization will map all
attributes to the range [0 . . . 1]. Another aspect is that the color is expressed
by three values7 which means that color would have a larger impact on the
distance than a single angle represented by one value. In order to neutralize
this, the distances between color attributes will be weighted with a third only.

The grid structure of the map is a hexagonal grid. This layout should be gen-

7The three RGB channels
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Figure 4.7: From FAF representation of scene to histogram. The FAFs repre-
senting a scene are mapped to a previously trained SOM. A histogram repre-
sentation is obtained by counting those mappings.

erally preferred over the rectangular grid since it allows to place more neighbor
nodes with the same distance around a node and thus gives more freedom to
arrange a group of nodes.
The number of nodes will vary. Depending on the complexity of the scenes,

there is a number of nodes above which the results do not change anymore. The
problem is that this threshold cannot be estimated well; it is rather a question
of experience. High number of nodes is favorable in order to achieve a low level
of abstraction but not really necessary.
Other parameters: learning rate and number of repetitions: try and error
randomized node weight vectors. individual convergence process produce dif-

ferent results. local topology will be �ne but global can be distorted. individual
mappings of input vectors will vary in quality. somewhat like k-means: enough
runs produce similar and good results but not all do. degree of distortion.

4.3.3.2 Numerical representation of scenes

The numerical scene representation is similar to the vector space model. While
in the classical case of the application to document clustering, the vector com-
ponents stand for individual terms found in documents, here the components
are related to node of the Self-Organizing Map obtained previously. Whether
the 2-dimensional structure of the output map is maintained or transformed
into a 1-dimensional vector where each vector component is associated with a
particular map node from the SOM does not really matter that much.
For all scenes the sensorimotor features are mapped onto the SOM. The

occurrences of individual mappings (which node has a feature been mapped
onto) are counted. Thus a histogram of SOM-mappings is obtained for each
scene. Figure 4.7 illustrates this process.
The idea is that similar scene will trigger similar mappings since those scene

are supposed to contain similar sensorimotor features. Entirely equal scenes
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should obviously produce exactly the same mappings. Similar scenes (similar
in the sense that they share a common subset of sensorimotor features) on the
other hand should only produce partially equal mappings.
This implies that histograms of these mappings are also similar. Regarding

the histogram as a vector, the implication is that vector components share sim-
ilar numerical values. This can be either in absolute terms (several components
have exactly the same values or di�er only slightly) or the relative distribution
is similar. Ideally a speci�c subset of components would be collinear.
For counting the mappings, there are some possible approaches.

Winner-only counting The most simple case is to count the winner nodes
only. For every mapping onto a speci�c SOM node, the occurrence is increased
by one. This way does not take into account how far the distance / similarity
between input vector (the sensorimotor feature) and the internal weight vector
of the node was.

Distance integration This method takes the distance between input vector
and the nodes' weight vectors into account. One can either integrate the winner
node's distance only or integrate the distances to all map nodes as well. The
latter method is similar to principles used in fuzzy clustering (i.e. fuzzy c-
means Dunn, 1973; Bezdek, 1981) where each sample gets a assigned a class
membership to all classes with the degree of membership depending on the
similarity between sample and class (representation).

Winner neighborhood counting A last way to count would be to not only
count the winner nodes mappings but to assign a partial hit to its neighborhood
nodes, too. This method This can be achieved by applying a certain value
(lower than the hit value for the winner) to nodes within a range according to
the �nal neighborhood size8. The value applied can be calculated by the �nal
neighborhood function as well.
There is actually no real reason why a certain neighborhood size or function

should be preferred over another. One could just as well use any shape and
size covering a limited number of nodes only. It is rather an intuitive decision
to re-use the same function which shaped the neighborhood of nodes in the
convergence process.
Figure 4.8 illustrates the cases described above.
The �rst case with counting the winners only should be actually su�cient

for the sensorimotor features at hand. Since the values of angles and distance
are already mapped onto intervals, small variances in the initial measurements
are already ruled out by the interval representation. This leaves the case that
sensorimotor features with di�erent yet similar intervals are mapped to di�erent

8Final size means the size of the neighborhood after �nishing the learning process.
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*

(b) Discrete counting (c) Distance integration (d) Neighborhood counting

Figure 4.8: Counting the mappings in various ways. (b) shows the case of dis-
crete counting of the winner node, (c) the integration of all distances and (d) the
integration of the neighborhood nodes of the winning unit. The neighborhood
function showed here is a simple cone function with size 2.

nodes which might produce histograms that do not match at all in the extreme
case. An example might be the comparison of the features of a rectangle with
those of a parallelogram having angles only slightly below/above 90° so that
the mappings are also slightly o�. From an Okusys perspective, it might be
actually �ne, depending on whether the parameters used for comparison would
treat these sensorimotor features as equal or not. If they are not equal, then
the mis-mappings are plainly irrelevant.

In order to overcome these problems, the other two methods incorporate
more nodes than the winner only. The quality of distance integration over the
entire map is depending a lot on the distances calculated for the node which are
way o�. In the case of larger maps with some hundred nodes, the distances to
the non-matching nodes can sum up to a rather large value, simply due to the
number of nodes which makes the results very vague in the end. Therefore a
limitation of the nodes which should be Incorporated is recommended. Limiting
it to the local neighborhood of a node looks like a good compromise since the
local neighborhood of node in the output layer is supposed to carry a topological
relation to the winner node.

Still this approach is probably most useful for real, ratio values since there
slight di�erences might lead to mis-mappings more often then for interval val-
ues, which already abstract from the measured ratio values.
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4.3.3.3 Interpretation

How can one interpret this approach, especially from a cognitive point of view?
If one accepts the self-organization map as a modell which re�ects the bi-

ological process of mapping sensory input, then the learning and mapping of
sensory input can be regarded as cognitive. Still, this usually just holds for the
mapping of sensory information from one source, i.e. the visual system. With
regard to this work, it would mean the mapping of foveal features only which
represent visually perceived features. Furthermore it holds also true for motor
actions like a saccades (see (Roucoux et al., 1980; Wurtz and Albano, 1980)
for experiments on gaze directions). What can be disputed is the application
to a triple of representing visual and motor actions in one structure and the
mapping of it.
With regard to the Self-Organizing Map as an ANN, the mapping of FAFs

can be seen as neuron(s) �ring when presented a certain sensory information.
Extended to the iterative mapping of the entire set of FAFs representing a
scene, one can regard it as which neurons �red how often when a particular
scene was the input.

4.4 Hierarchical clustering

There are two approaches used to obtain the actual hierarchy. The �rst one
is the classical agglomerative way of dendrogram building. In a bottom-up
singleton clusters containing the scenes will be merged. This will be done with
several distance measures as well as linkage rules.
The second approach is a splitting method. In a top-down process the sets

are divided into smaller sets by clustering them with a SOM iteratively.

4.4.1 Hierarchy

The hierarchy which should be �nally generated, is supposed to structure the
original patterns in a meaningfull way. What is meaningful with regard to pat-
terns which represent a scene by a set of sensorimotor features? The assump-
tion is that objects should be grouped together according to some features they
share9 which is in this case a subset of sensorimotor features shared by a certain
set of patterns.
The non-leaf nodes in the hierarchy represent classes while the leafs are the

actual objects. The classes will �nally contain the set of features common to
all sub-classes and leaves. This set is basically the intersection of all sets from
that speci�c subtree, so that a particular sensorimotor feature associated with

9Again, there is not objective preference for a relation of objects over another according
to the ugly duckling theorem (see 2.5.1, page 31). Extending this idea to a hierarchy, it
implies that any hierarchy would be as good as another.
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a class is part of all leaves that are children. From the Okusys perspective,
such a FAF associated with a class supports this class and, if broken down to
individual objects, all of the objects in the tree of which the class is the root.
Intuitively the higher a class is in the hierarchy, the lower is the number of

common features. Or at least, it cannot increase from a class located lower to
a higher one. The root of the hierarchy thus contains features only which are
common to all objects. As an interpretation, �seen� such a root feature does
not hold any evidence for a speci�c scene or object on its own.

4.4.2 Agglomerative clustering

The �rst approach is to apply the agglomerative clustering methods described
in section 2.4.1, page 26. The patterns used as an input are the histograms
obtained from mapping the sensorimotor features to a self-organizing map.

4.4.2.1 Similarity measures

As described in section 2.2, there is a number of similarity measures for patterns
which are represented by numerical values.
Euclidian, cosine and Tanimoto measure will be used here in order to compute

the similarity of patterns. Considering the assumption that patterns are similar
if they share common features and furthermore that even though the absolute
numbers of features are not equal, but the relative distribution is, one can
assume that cosine and maybe Tanimoto measures are the most suitable for
this problem.
The question is whether the vector representation of the patterns re�ects

the (symbol-like) sensorimotor set representation well enough for the similarity
measure to compute a useful value.

4.4.2.2 Linkage rules

With regard to the available linkage rules, the impact on the quality of the
results depends mainly on the nature of the input data. It is rather hard to
assess which rule might be the best before applying it to the data. From a
general perspective, the average linkage rules should produce the best results,
especially Ward's linkage rule.

4.4.2.3 Output

The output generated here is a dendrogram of course. Being a binary tree,
it is not necessarily the best hierarchy type. The class hierarchy in general
actually allows more then two subclasses or objects directly attached which
makes a binary hierarchy a sub-optimal representation. Still, a binary hierarchy
can just express the very same information, as showed in �gure 4.9. But a
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hierarchy where three subclasses are placed directly under a common parent
naturally implies that the subclasses share nothing but whatever is represented
in the parent node. In the case of sensorimotor feature sets, the set associated
with the parent is the intersection of all children and furthermore there is not
combination of two children with a higher cardinality of the intersection. In
the case of a binary tree, this is not obvious. Just to stick with three nodes as
an example, here two node must be grouped together and the third one will be
added on top of them. Without any further information, it is not clear whether
these two grouped �rst share more features or not. Nevertheless, only the top
class node would hold support for the leaves beneath it, so that the actual
information given by this representation would not be any di�erent.

(a) n-children hierarchy (b) binary hierarchy

Figure 4.9: (a) General and (b) binary hierarchy. Note that the top-most node
in each hierarchy contains the same subset of features (denoted as �gures here)
and thus represent the leafs of the trees equally well.

4.4.2.4 Assessment of dendrogram

The assessment of the results will be conducted in the following ways.

Cophenetic correlation The cophenetic correlation will be calculated for a
generated dendrogram. It allows to judge on the quality of linkage rules used to
build the hierarchy. Unfortunately it should not be used to compare hierarchies
produced with di�erent similarity measures.

f-measure In the case where class labels are available, the f-measure will be
used for evaluation as well. It allows for the comparison linkage and similarity
measures across all combinations.
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Application and Tests

The following chapter deals with testing the clustering algorithm with arti�cial
images, and applying it to real world images of objects.

The test images were designed with a speci�c underlying hierarchy in mind.

The application to real world images was performed on images taken from
the COIL-20 image library (Nene et al., 1996).

The outputs presented here are exemplary. In appendix C, page 83 provides
all combinations of linkage and distance variations for some of the test sets.

Please note that the results presented here can be regarded as exemplary
certain sets, arti�cial as well as real world ones.

5.1 General remarks

One very basic problem which arises while testing the algorithm is related to
the input data generated by Okusys. It is totally unpredictable which features
Okusys might extract from an image if applied to real world scenes. Even if
two images show the very same object, but the images are taken from slightly
di�erent perspectives, one cannot be sure that the same features will be ex-
tracted, especially with regard to position and orientation in the image. Of
course, the entire sets will not be totally di�erent; otherwise it would pose a
major obstacle to measuring the similarity between scenes. Still in order to rule
out the �Okusys factor�, i.e. any distortions caused by di�erences in extracted
foveal features, the testing will be performed on synthetic images where the
feature extraction will be rather predictable.

The image sets generated for this reason contain geometric objects with clear
edges and corners, and are furthermore restricted to black and white colors. The
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feature extraction on such images should produce rather deterministic results
with regard to which foveal features are chosen from the objects found in the
scenes.
Even with such primitive images, the actual extracted features may vary.

This is especially the case with round edges. Here any position on a curved
edge can be regarded as a i2D-feature. Furthermore anti-aliasing e�ects like
stair steps can distort opening angle and orientation of the foveal features.

5.2 Repeated patterns

The images used in this tests contain objects which are repeated in varying
numbers across the images. For instance �gure 5.1 shows a test set with di�erent
numbers of rectangles, ranging from one to four objects.

(a) rect01 (b) rect02 (c) rect03 (d) rect04

Figure 5.1: Test set with di�erent numbers of rectangles. The number increases
by one from image to image.

The goal is to see whether these images can be ordered according to the sub-
sets of features they contain. Obviously 5.1c and 5.1d share the largest common
subset of features since the entire image of 5.1c is part of 5.1d. Intuitively these
two scenes should be placed at the bottom of the hierarchy and thus be grouped
�rst. Accordingly 5.1b and �nally 5.1a should be added to the hierarchy.
Figure 5.2 shows two hierarchies generated with single linkage1. Cosine mea-

sure was used in the case of 5.2a and Euclidian for 5.2b, resulting in di�erent
hierarchies. It is not surprising that the cosine measure captures the nature
of the data in the supposed way since it regards similar distributions of values
as similar; in contrast the Euclidian measure does not but only regards similar
absolute values as �close�. As the number of rectangles increases, the absolute
number of features generated by this structure increases as well while the rel-
ative distribution remains the same for the features �inside� the boundaries of
the rectangle. Furthermore the images with more rectangles also produce more
sensorimotor features connecting the rectangles which basically means there
the absolute number of similar features is higher.

1Appendix C.1 provides all combinations.
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The linkage has no particular impact for these data; the resulting hierarchies
are exactly the same for each distance measure. Cosine and Tanimoto produce
the same results, too. This agrees with other observations that cosine and
Tanimoto behave similarly for data with similar distribution of values.
The cophenetic correlation is pointless in this case since all hierarchies gen-

erated with a particular proximity measure are identical. As for the f-measure,
it would require labeled data and I doubt that there is a way to separate these
images into meaningfull classes.
The test set 02 and 03 (appendix C.2 and C.3) feature the same structural

layout, only with di�erent geometric �gures. The results do not vary from those
discussed above.

(a) Cosine dissimilarity (b) Euclidian dissimilarity

Figure 5.2: Hierarchies generated based on set01 with single linkage. Cosine
measure (a) and Euclidian measure (b) serve as dissimilarity measures.

5.3 Multiple subsets

Figure 5.3 shows a set of synthetic images which can be divided into two classes,
each class containing three images. These classes have either a rectangle or a
triangle as a central element.
The expected outcome of the clustering should be a separation of these two

classes, so that each class resides in its own subtree.

Subjective assessment Figure 5.4 shows the outputs of Ward's linkage with
Tanimoto, cosine and Euclidian proximity measure. One can see that the hier-
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(a) rect01 (b) rect02 (c) rect03

(d) tri01 (e) tri02 (f) tri03

Figure 5.3: Test set 06

archies using Tanimoto and cosine measure group the objects according to the
underlying classes while the one with Euclidian measure does not. Taking a
look on the other linkage rules (all outputs are shown in �gures C.22 to C.24),
it is clear that the linkage rule does not have any impact; the quality is entirely
depending on the proximity measure.

(a) Tanimoto & Cosine (b) Euclidian

Figure 5.4: Hierarchies for set 06 with Ward's linkage and (a) Tanimoto (and
Cosine) as well as (b) Euclidian. Note that Tanimoto and cosine do not produce
exactly the same values but the structure of the hierarchy is the same.
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Cophenetic correlation and f-measure Table 5.1 shows the cophenetic cor-
relation as well as the f-measure for all combinations of linkage rule and prox-
imity measure.

The f-measure supports the statement from above that the Tanimoto and
cosine proximity measures produce hierarchies which re�ect the class sets while
the Euclidian does not. The f-measure for the two �rst-mentioned measures is
1.0 for all linkage rules. For Euclidian it is lower than 1.0, scoring the highest for
complete and Ward's linkage. The good score of the complete linkage implies
a sphere-like, compact but not well-separated structure of the data.

Table 5.1: Cophenetic correlation and f-measure for test set 06 with (a) cosine,
(b) Tanimoto and (c) Euclidian.

Linkage CPCC f-measure

Single 0.976 1.000
Complete 0.974 1.000
Average between groups 0.985 1.000
Average within group 0.982 1.000
Ward 0.960 1.000

(a) cosine

Linkage CPCC f-measure

Single 0.967 1.000
Complete 0.964 1.000
Average between groups 0.978 1.000
Average within group 0.976 1.000
Ward 0.969 1.000

(b) Tanimoto

Linkage CPCC f-measure

Single 0.683 0.708
Complete 0.756 0.829
Average between groups 0.790 0.762
Average within group 0.786 0.762
Ward 0.738 0.829

(c) Euclidian
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5.4 Application to real world object images

Figure 5.5 shows a set of images of real world objects. This is a very limited
subset of images from the COIL-20 image library (Nene et al., 1996) which
contains pictures of 20 objects taken from di�erent, �xed perspectives. The
entire library consists of 1,440 images which unfortunately is way too much
to be used here. My attempts to apply the clustering to the entire set failed
at the stage of extraction of sensorimotor features by Okusys due to memory
limitations.

(a) obj16 2 (b) obj16 20 (c) obj16 21 (d) obj16 22

(e) obj1 20 (f) obj1 21 (g) obj1 27 (h) obj1 28

(i) obj7 10 (j) obj7 15 (k) obj7 2 (l) obj7 20

Figure 5.5: Test set Coil

Parameters This test was performed with a SOM with 60 × 40 nodes, 0.3
initial learning rate and 15 iterations of each pattern (sensorimotor feature).

Data description The set chosen depicts three objects, each from four dif-
ferent perspectives. The similarity between these perspectives is present to a
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certain extend, even though an object like the duck does certainly not look
alike from behind and from the side.
As these objects are labeled, thus there is a known class for each, the class

labels can be used for assessment of the hierarchy. Ideally all images belonging
to an object should be placed in a separate subtree before being merged with
the other subtrees.

Subjective assessment From the outputs (see section C.8, page 112 for all
outputs) one can say that the hierarchies using Euclidian distance (�gure C.32,
page 118) as a proximity measure are the worst overall. They mix obj1 and
obj16 (the duck and the pill tube) on a low level and add obj7 (wood toy) one
by one later.
As for Tanimoto and cosine as similarity measures, they perform reasonably

better, even though not with all linkage rules. The single and complete linkage,
there are severe distortions (see �gures C.30a, C.30b, C.31a and C.31b, p. 113�
116).
The average linkage rules seem to have less to separate the objects according

to the classes even though only Ward's linkage the hierarchy according to the
assumed class structure correctly for both, Tanimoto and cosine measure.

Cophenetic correlation and f-measure Table 5.2 shows the cophenetic cor-
rection and f-measure for the COIL images. The f-measure can be calculated
for this set since the class assignment of each image is known.
Comparing the outputs of the cophenetic correlation with the subjectively

judged hierarchies, one can easily say that there is a discrepancy. This measure
produces the highest values for average linkage between groups which is not the
best. Ward's linkage on the other hand scores considerably lower, even though
intuitively it performs the best. Most striking is probably the huge value for
all Euclidian based hierarchies which are all close to 1.0.
The f-measure which aims at expressing how well the hierarchy re�ects the

class structure is more usefull as an assessment measure. It reveals what has
been already stated: Ward's linkage obtaining a 1.0 score for Tanimoto (see
�gure 5.6) and cosine proximity performs the best by producing a particular
cluster for each class. The f-measure for all Euclidian based hierarchies lower
than the worst linkage with Tanimoto and cosine which states the inappropri-
ateness of this proximity measure for this set.

5.5 In�uence of SOM size

From experimental experience with this system, I can say that the impact of
the map size is present to a certain degree. Still it highly depends on the actual
data. In the case of the test sets consisting of arti�cial images at the beginning
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Table 5.2: Cophenetic correlation and f-measure for COIL set with (a) cosine,
(b) Tanimoto and (c) Euclidian.

Linkage CPCC f-measure

Single 0.575 0.794
Complete 0.737 0.905
Average between groups 0.760 0.915
Average within group 0.722 0.915
Ward 0.657 1.000

(a) cosine

Linkage CPCC f-measure

Single 0.707 0.861
Complete 0.830 0.915
Average between groups 0.854 1.000
Average within group 0.830 0.915
Ward 0.786 1.000

(b) Tanimoto

Linkage CPCC f-measure

Single 0.988 0.656
Complete 0.986 0.675
Average between groups 0.990 0.656
Average within group 0.980 0.656
Ward 0.969 0.675

(c) Euclidian

of this chapter, there is close to no in�uence. The mappings are alredy very
sharp, so that only a very small map (say 2x2 size) would have any impact.
With regard to the real world images, the impact is bigger as one can imagine.

Rather stable results were obtained with maps consisting of 600+ nodes. Below
the hierarchical output varied from run to run signi�cantly. Still even with 600-
1000 nodes, the hierarchy not alway perfect (f-measure 1.0 when evaluated with
class labels). From 1500 node on, the results did not change anymore, so this
value can be seen as an uppper threshold above which the quality does not vary
signi�cantly anymore.
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Figure 5.6: Hierarchy with Tanimoto measure and Ward's linkage
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CHAPTER 6

Existing applications

6.1 Saccadic scene representation

Beside the work already introduced before, there are not too many which deal
with scene representation / recognition based on saccadic movement.

The idea of using saccadic movements for recognition originates in the re-
search of Noton and Stark (1971) who introduced the concept of scanpaths.
Their �nding was that test subjects reproduced sequences of saccades when
recognizing patterns they have learned before.

Salah et al. (2002) use a system for handwritten digit as well as face recog-
nition. It consists of attentive selection of �xation spots which are analyzed by
a neural network for the content of the fovea. Finally on the associative level,
the saccades are integrated over time by an observable Markov Model.

Hacisalihzade et al. (1992) investigate deterministic and probabilistic ap-
proaches to scanpath comparison. The deterministic approach features se-
quences of saccades which are compared with string similarity measures. The
probabilistic part models the sequences as a Markov Model.

Rybak et al. (1998, 2005) developed a model of attention-guided visual per-
ception and recognition. The recognition is done by a behavioral program using
learned saccades (motor action memory) and predicted image fragments input
(sensory memory) for each saccade.

Kikuchi and Fukushima (2000) abandon the scanpath approach and store
sensorimotor features as sets. Recognition is done by comparing the currently
perceived with learned sets. The model is build with neural networks.
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6.2 Clustering

The number of existing applications in the �eld of clustering is legion. A com-
plete overview is impossible anyway, but even a thoroughfull collection would �ll
an entire textbook. I will try to stick with hierarchical clustering applications
since they are the most relevant with regard to this work.
Important general purpose hierarchical clustering approaches have been al-

ready covered in section 2.4.2, page 29.

6.2.1 SOM hierarchical clustering

The idea of using hierarchical SOMs probably originates from the work of Mi-
ikkulainen (1990). The nodes of a SOM are connected to further SOMs so
that a hierarchical structure of stacked maps is generated. Each layer can be
regarded as a preprocessor for any further layers.
Herrero and Dopazo (2002) and Wang et al. (2002) use a SOM and hierar-

chical clustering to obtain a hierarchy of gene expression patterns. First DNA
microarray patterns are clustered with a SOM to reduce the dimensionality
of the patterns. The input patterns are generalized by the map nodes' proto-
types. Afterwards agglomerative hierarchical clustering is done on the SOM
map nodes. (Yacoub et al., 2001) use this method to classi�cation of ocean
color. Furthermore they suggest the squared error as a threshold criterion to
obtain a �at list of clusters from the hierarchy generated.
Dittenbach et al. (2001) proposed the GHSOM, the growing hierarchical

SOM, which stacks multiple layers of SOMs. The quantization error, squared
distances between node prototype and mapped patterns, compared to a thresh-
old indicates whether a node has to be split any further.

6.2.2 Image clustering

Krishnamachari and Abdel-Mottaleb developed a system for image retrieval
for query search. The images are indexed with clustering methods for faster
retrieval. The similarity measure used here is based on color histograms.
Brunner (2006); Brunner and Burkhardt (2005) uses hierarchical cluster-

ing for grouping edges extracted from an image in structural image analysis.
Keuchel et al. (2004) use a hierarchical partition tree for segmentation of im-
ages.

6.2.3 Symbol clustering

In many applications, the input data consist of symbolic data. Some approaches
which deal with hierarchical clustering are introduced next. Maybe the most
prominent domain where this problem arises is document clustering.
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Kaufman and Rousseeuw (1990) introduced the hierarchical agglomerative
clustering to the document domain. Their approach was very classic by com-
paring pairs of documents for similarity and applying an agglomerative method
afterwards. Based on this work, additional research has been done. Zhao and
Karypis (2001) investigated similarity measures, Steinbach et al. (2000) ana-
lyzed linkage methods and showed that the Unweighted Pair Group with Arith-
metic Mean (UWPGAM) is the most accurate one in its category. Benjamin
et al. (2003) tackle the problem of large dimensionality in document clustering
by using frequent itemssets (Frequent Itemset-based Hierarchical Clustering)
which is probably still state of the art.
Flanagan and Himberg (2003) uses the Symbol Clustering Map (SCM) (Flana-

gan, 2003) for hierarchical clustering of contextual information. It generates
higher level context by fusing di�erent sources which provide symbol-like in-
put. The SCM has been developed by the same researcher for this particular
task of unsupervised clustering for strings of symbols. It is basically a SOM
modi�ed for symbols.

73





CHAPTER 7

Discussion and outlook

7.1 Discussion

The task of hierarchical clustering is very much connected to de�ne and measure
the similarity of the patterns which are to be grouped.
With regard to how to de�ne the similarity of patterns, the lesson from the

�ugly duckling� theorem is that it can be only be done with the help of domain
knowledge. The similarity has to be based on assumptions about the nature
of the data. The assumption used here is that similar objects share common
features. For images represented by sensorimotor features the application of this
assumption means that similar scenes have a common subset of sensorimotor
features. This is an intuitive idea found often in literature.
Under this assumption, Tanimoto and cosine similarity measures are the

best suited in theory and in practice. This is due to the fact that they do
not distinquish to much (or not at all in the case of cosine measure) between
absolute and relative distributions of features. The application to real world
object images showed a very slight preference for the Tanimoto similarity, but
I would not go as far to call it supperior.
The patterns are represented by sets of sensorimotor features. These triples of

feature, action, feature are originally treated like symbols which only allows for
comparison for equality. This set representation is transformed into a numerical
vector representation with the help of a Self-Organizing Map. The SOM learns
the overall set of FAFs by training a set of locally connected neuron which
are organized in a map structure. The convergence of the map is supposed
to maintain the topology of the input space and map it to output space, even
though this can practicly never be achieved without distortions for input data
with a higher dimensionality than the output space.
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One can probably dispute in how far the training with sensorimotor features
can be called biologically inspired. With regard to the mapping of visual as
well as motoric information on their own, the connection to similar structures
in the brain is given. The original motivation of SOMs lies in the reproduction
of the self-organization process found in cortical areas which process sensory
inputs. Still the mapping of integrated visual and motoric information into one
pattern on the other hand is unclear. One possible interpretation might be to
treat it as higher-level structure which learns to recognize sensory input that
are temporaly connected.
The quantitative representation for a pattern is then obtained by presenting

the FAFs of a scene to the SOM and count which neurons �red. The result is a
histogram of the size of the number of neurons which supports the comparison
with numerical proximity measures like the before-mentioned ones.
The actual hierarchy building was done with agglomerative hierarchical clus-

tering which a popular approach, used frequently in science. The di�erent
linkage rules which determine the order of merging of clusters have an impact
on the quality. Of these Ward's linkage rule seems to produce the overall best
results.
As a hierarchy assessment measure, the cophenetic correlation is not very

useful. The case of already classi�ed objects reveals that there is not much
agreement between the CPCC values and the re�ection of the class structure
in the hierarchy.
The f-measure performs better and can be regarded as a useful measure.

The drawback is the requirement of a meaningful class assignment of objects
from the start which is usually not given in the task of unsupervised learning
in general. Still if there is a �at set of classi�ed labels, it is useful for the
assessment of a hierarchy generated for it. This is essentialy the case if for
instance images show a certain real-world object from di�erent perspectives, so
that there is an intrinsic class for every image.

7.2 Outlook

Future development will be the splitting of a sensorimotor feature into its com-
ponents in order to separate the visual and motoric information. Those can be
trained with individual maps which more resembles the biological model. An
integration can afterwards by another layer.
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APPENDIX A

Implementation

Components

Figure A.1: Components of the application

Figure A.1 shows the components of the system.

� Okusys is integrated as an external module. It serves as the data provider.
Basically a knowledge base is required for the further steps. Training of
Okusys can be triggered as well.

� SOM is the Self-Organizing Map module which has been implemented
from scratch. It supports rectangluar as well as hexagonal grids. The
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neighborhood kernel is �xed to gaussian. Learning rate and neighborhood
radius are decaying functions.

� Dendrogram generates the hierarchy and has also been implemented
from scratch. It is capable of several linkage methods. Furthermore
cophenetic correlation and f-measure are computed automatically.

� FeedData is a wrappper class for data. It transforms the output from
Okusys into a suitable format for the SOM. Furthermore it obtains the
data for the dendrogram generation from the SOM.

� GUI provides the graphical user interface.

Missing in the �gure are utility class for mathematical computation as well
as con�guration. The MathUtil implements for instance similarity measures
with all necessary additional functions which are required.

System requirments

The application is written in Java and is thus able to run on any OS which
supports Java. The version it has been written and tested with is Java 1.6.
The only factor which poses additional requirments is Okusys. If training

of images has to be done, Okusys has to run on Linux (due to IPRS libraries
used). Furthermore, the memory of the Java VM has to be set to 256MB or
more in order to run.
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Graphical User Interface

Figure B.1: GUI

The graphical user interface is shown in �gure B.1. The necessary compo-
nents for the clustering can be loaded or created from here. Okusys is required
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for the creation of a SOM, a SOM is required for the creation of a dendrogram.
The text �elds should point to �les (Okusys, SOM, class labels) or to a

directory (pictures). Note that if Okusys or SOM are created, the paths are
used for saving.

SOM options Width, heigh, learning rate, grid type and the number of iter-
ations can be entered here. Valid values are required. Note that the iterations
�gure means number of iterations of the input set, and not the total number.

Dendrogram options The dendrogram options are basically the linkage rule
as well as the similarity measure. The class labels are not required, but can be
stated for the calculation of the f-measure.
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Test outputs

C.1 Set 01

(a) rect01 (b) rect02 (c) rect03 (d) rect04

Figure C.1: Test set 01
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(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.2: Output of set01 with cosine and di�erent linkages84



C.1. SET 01

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.3: Output of set01 with Tanimoto and di�erent linkages
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(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.4: Output of set01 with Euclidian and di�erent linkages
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C.2. SET 02

C.2 Set 02

(a) tri01 (b) tri02 (c) tri03 (d) tri04

Figure C.5: Test set 02
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(a) Single (b) Complete

(c) Average pair group (d) Average within group (e) Ward

Figure C.6: Output of set02 with cosine and di�erent linkages
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C.2. SET 02

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.7: Output of set02 with Tanimoto and di�erent linkages
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(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.8: Output of set02 with Euclidian and di�erent linkages
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C.3 Set 03

(a) penta01 (b) penta02 (c) penta03

Figure C.9: Test set 03
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(a) Single (b) Complete

(c) Average pair group (d) Average within group (e) Ward

Figure C.10: Output of set03 with cosine and di�erent linkages (cont.)
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C.3. SET 03

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.11: Output of set03 with Tanimoto and di�erent linkages

93



APPENDIX C. TEST OUTPUTS

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.12: Output of set03 with Euclidian and di�erent linkages
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C.4 Set 04

(a) mix01 (b) mix02 (c) mix03 (d) mix04

Figure C.13: Test set 04

95



APPENDIX C. TEST OUTPUTS

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.14: Output of set04 with cosine and di�erent linkages
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C.4. SET 04

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.15: Output of set04 with Tanimoto and di�erent linkages
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(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.16: Output of set04 with Euclidian and di�erent linkages
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C.5. SET 05

C.5 Set 05

(a) mix01 (b) mix02 (c) mix03 (d) mix04 (e) mix05

Figure C.17: Test set 05
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APPENDIX C. TEST OUTPUTS

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.18: Output of set05 with cosine and di�erent linkages
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C.5. SET 05

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.19: Output of set05 with Tanimoto and di�erent linkages
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APPENDIX C. TEST OUTPUTS

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.20: Output of set05 with Euclidian and di�erent linkages
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C.6. SET 06

C.6 Set 06

(a) rect01 (b) rect02 (c) rect03

(d) tri01 (e) tri02 (f) tri03

Figure C.21: Test set 06
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APPENDIX C. TEST OUTPUTS

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.22: Output of set06 with cosine and di�erent linkages
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C.6. SET 06

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.23: Output of set06 with Tanimoto and di�erent linkages
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APPENDIX C. TEST OUTPUTS

(a) Single (b) Complete

(c) Average pair group (d) Average within group

Figure C.24: Output of set06 with Euclidian and di�erent linkages
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C.6. SET 06

(e) Ward

Figure C.24: Output of set06 with Euclidian and di�erent linkages (cont.)

107



APPENDIX C. TEST OUTPUTS

C.7 Set 07

(a) rect01 (b) rect02 (c) rect03

(d) tri01 (e) tri02 (f) tri03

(g) pent01 (h) pent02 (i) pent03

Figure C.25: Test set 07
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C.7. SET 07

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.26: Output of set07 with cosine and di�erent linkages
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APPENDIX C. TEST OUTPUTS

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.27: Output of set07 with Tanimoto and di�erent linkages
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C.7. SET 07

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.28: Output of set07 with Euclidian and di�erent linkages
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APPENDIX C. TEST OUTPUTS

C.8 Set Coil

(a) obj16 2 (b) obj16 20 (c) obj16 21 (d) obj16 22

(e) obj1 20 (f) obj1 21 (g) obj1 27 (h) obj1 28

(i) obj7 10 (j) obj7 15 (k) obj7 2 (l) obj7 20

Figure C.29: Test set Coil
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C.8. SET COIL

(a) Single

(b) Complete

Figure C.30: Output of coil set with cosine and di�erent linkages
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APPENDIX C. TEST OUTPUTS

(c) Average pair group

(d) Average within group

Figure C.30: Output of coil set with cosine and di�erent linkages (cont.)
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C.8. SET COIL

(e) Ward

Figure C.30: Output of coil set with cosine and di�erent linkages (cont.)

(a) Single

Figure C.31: Output of coil with Tanimoto and di�erent linkages
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APPENDIX C. TEST OUTPUTS

(b) Complete

(c) Average pair group

Figure C.31: Output of coil with Tanimoto and di�erent linkages (cont.)
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C.8. SET COIL

(d) Average within group

(e) Ward

Figure C.31: Output of coil with Tanimoto and di�erent linkages (cont.)
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APPENDIX C. TEST OUTPUTS

(a) Single (b) Complete

(c) Average pair group (d) Average within group

(e) Ward

Figure C.32: Output of coil with Euclidian and di�erent linkages
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